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Abstrad We consider the following nonlinear mupled partial differential equations which 
describe a biochemical model system; 

a x i a t  = x 2 y  - BX+ Ka'xiar' 

a y / a i = - - X ~ ~ t ~ x + k a ~ y i a ?  

where B is a parameter and K is the diffusion constant for the concentrations x and y .  
Seeking a wave solution, we obtain a nonlinear ordinary differential equation in one 
dynamical variable only. This ODE is analysed for the Painled property and then we are 
able to find a one-parameter family of solutions which are of biological interest. 

It is a strong belief nowadays that the PainlevC property of nonlinear differential 
equations (the singularities of whose solutions are movable simple poles only) is closely 
connected with the integrability or solvability of the equations. It is noted that all 
evolution equations possessing soliton solutions are reduced to ordinary differential 
equations (ODES) by the similarity variables and these ODES have the Painlev6 property 
(Ablowitz et al 1978, 1980, Lakshmanan and Kaliappan 1983). It is quite interesting 
to search for the PainlevC property for those equations for which soliton solutions 
have not, so far, been found and try to find some explicit solutions. In this letter, we 
consider one such pair of nonlinear coupled partial differential equations which 
describe a biochemical model system (Lefever et a1 1977). 

Jx/Jt = x 2 y -  BxfKJ2x lar '  (la) 
aylJt = -x2y+  Bx+ Ka2y/ar2 (1b) 

where B is a parameter and K is the diffusing constant for the concentrations x and 
y.  Seeking a wave solution, we obtain a nonlinear ODE, by reducing the system to an 
equation in one dynamical variable only. This ODE is analysed for the Painlev6 property 
and then we are able to find a one-parameter family of solutions which are of biological 
interest. 

Adding (la) and (lb) we get 
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A simple solution to ( 2 )  can be taken as 

x + y = K ,  (a constant). (3) 

ax/at= Kd2x/a?-Bx+ Klxz-x3. (4 )  

Putting this in ( l a )  we get an equation in the variable x only as 

On seeking a wave solution, we let z = r+ A f .  This yields the following ODE (by adjusting 
the constants) 

d2x dx 
dz2 dz 

A - - + bx2- X' = 0 -- (5)  

where a, b are constants. Incidentally if we take b = a  + 1, we obtain a Nagumo-type 
equation (Mckean 1970) 

As in the procedure given by Ablowitz and Zepetella (1979), and Airault and 
Kaliappan (1984) we shall find the values of A for which equation ( 5 )  has a solution 
developable in Laurent series of the form a+-"+ a-.+,z-"+l+. . . . In this case n = 1 
and (a- , ) '=2 .  Let us search for the solutions of the form 

x=z- 'JZ+ao+a,z+  a2zZ+ a3z3+.  . . . 
Putting this in (5) and equating the corresponding coefficients of z, we obtain the 
following conditions: 

A =a (3a0-  b )  (6 )  

6a ,  = - a f i + 2 &  b a 0 - 3 d a $  (7a )  
-4a,= Aa,+aao-atb -2a alb+  a:+ b f i  alao (76)  

(8) 

Oa, - 2Aa2 - aal +2aoa,b + 2a a2b 

-3& a:-3aia,  - b d  aoaz=O. 

The compatibility condition will be satisfied if we have the following three values of A: 

A = b /& 
A = { -b+  3 = } / 2 f i  

A = { - b - 3Jb';i-4a)/2&. 

Thus we find equation (5) to possess the Painlev6 property for the above values of A. 
Since the PainlevC property is a sufficient condition for the integrability of a 

nonlinear partial differential equation, we conclude that the equation (5) is integrable 
and has explicit solutions, (Wiess 1983, Kaliappan 1984). We proceed below to find 
the same, by defining a subequation. However, it must be stressed here that the PainlevC 
property is only a sufficient condition, but not a necessary condition, for a nonlinear 
partial differential equation to have explicit solutions (Wiess et a/  1983). 

Particular solutions: The second-order equation (5) has a sub-equation of order 1: 
dx/dz = Axz+ Bx+ C We get 2AZ= 1 and we find that the only possible subequations 
are 

-A(-b +3=) 
2 

with A = 
dx 
dz 2 
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-=A dx  [ x- b-?] withh= -A(-b - 3 G )  
dz 2 

b + G ] [  X -  b - G ]  2 withh=-bA. 

Taking A =  -l/a the solutions for (loa),  (106) and (lOc) are found as follows: 

x =  La exp(uz/JZ)/[exp(.z/a)-l] a = [ b + G ] / 2  (1la)  

x = L p  exp(pz/JZ)/[exp(pz/J)-l] p = [ b - J b i - 4 a l / 2  (116) 

x = { a - p ~ e x p [ - G ~ / a ~ ) / { l - ~ e x p [ - ~ z / ~ ~ ~ }  Ole) 

where L is the integration constant. 
When we take b = a + 1, these solutions are reduced to the solutions found by 

Airault and Kaliappan (1984). Further by taking b = 3/&, a = 1 and by the transfoma- 
tions x = (x’+ I)/&! and z‘ = z / d  equation (5) reduces to (after dropping primes) 

d’x dx 
dzZ dz - - A f i  -+ x - X’ = 0 

which is of Fisher-type equation with Cubic nonlinearity 

The authors are extremely grateful to the referee of this paper for raising certain valid 
points which vastly improved the presentation of this paper. The authors wish to thank 
the Principal of their Institution, Professor N Namasivayam, for his kind support and 
encouragement. 

References 

Ablowitz M J, Ramani A and Scgur H 1978 Lett. Nuouo Cimento 23 333 
- 1980 J.  Mafh. Phys. 21 715 
Ablowitz M J and Zepetella A 1979 Bull. Morh. Bid  42 835 
Airault H and Kaliappan P 1984 C R Acod. Sei. Ser 1 299 323 
Kaliappan P 1984 Physics 110 368-74 
Lakshmanan M and Kaliappan P 1983 1. Murh. Phys. 24 795 
Lefever R ef nl 1977 Phys. Len. 60A 389 
Mckean H P 1970 Adu Math. 4 209 
Weiss J 1983 3. Math. Phys. 24 No 6 
Weiss J, Tobor M and Camevale G 1983 J.  Math. Phys. 24 (3) 


